INTRODUCTION
The classical bifurcation problem has the following form: Let X and Y be two is not invertible.
This necessary condition for the existence of bifurcation points is a consequence of the implicit function theorem.
An interesting case is X Y = and
Panayotis Vyridís*
28
Bifurcation in calculus of variations with constraints | Panayotis under the assumption g(0) = 0. If l 0 is a bifurcation point for the equation (1.2) then the derivative
is not invertible which means that l 0 is an eigenvalue for the operator ¢ g (0). The question could be inverted: is every eigenvalue of ¢ g (0) a bifurcation point for the equation (1.2)? In general the answer is negative.
.
We obtain that ¢ g I (0, 0) = is the identity matrix, thus
or equivalently
and thus x y ( , ) = (0, 0), is the trivial solution. This means that there are no bifurcation points.
Bifurcation in calculus of variations
The bifurcation problem of variational character is of special interest since the integral functionals involved in this problem are models of the deformation energy of the continuum medium. The problem of the form (1.1) is reduced to
where G, F are functionals defined on the Hilbert spa-
It is proved by I. V. Skrypnik (1973) that if the functionals F, G satisfy some specific assumptions, then the necessary conditions for the existence of bifurcation points are also sufficient ones.
Let  be an open region of Î u H and suppose that the functionals F and G satisfy the following conditions:
1. The functional F is weakly continuous, differentiable, and its differential is Lipschitz continuous with
where B is a linear, bounded, self adjoint and positive definite operator. For the nonlinear part L , the following estimates hold:
where c is a positive constant, r > 1 and u, u 1 ,
2. The functional G is weakly continuous, differentiable and its differential is Lipschitz continuous with
where A is a linear self adjoint and compact operator. For the nonlinear part N , the following estimate holds:
where c is a positive constant, p > 1 and
is a bifurcation point of the equation
if and only if, the equation
has a nontrivial solution.
Note that under these assumptions equation (2.7) can be rewritten as
In addition to the bifurcation problem of variational character, the following problem attracted some special interest 
restricts the domain of (2.1) to a smaller subspace according to Lyapunov-Schmidt decomposition. We obtain
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where h is a differentiable map of a small region of
According to (2.10) we define the functionals:
and
Then the derivatives
have the meaning of differentiation of the functionals F and G along the tangential direction of the manifold
. Thus, the bifurcation problem (2.8) is equivalent to a problem are a Hilbert space, we introduce the functionals 
for all the matrixes x ( ) ij i j ( , ) . The tensor  x u ( ) ij is defined as
and d i is the tangential gradient
The physical interpretation is that the functional
[ , ] can be considered as the energy functional of a continuum medium with special characteristics determined by the coefficients a .
ijkl
The medium is the interior of a shell G , which is under the influence of a force density coming from a potential  lq u x ( , ) . The medium is fixed up to a part G 1 of the boundary ¶S . Hence, the first term of the functional  F u [ ] represents the random deformation of the medium while the rest of the expression comes from the deformation of the shell.
The critical points  Î u H of the energy functional  l I u
[ , ] satisfy the integral equation
It can be proved (Vyridís, 2002) that the expression
defines a norm in the Hilbert space H and thus the functional F can be written as
and trivially satisfies the Skrypnik's conditions (2.3).
The functional G is differentiable due to the smoothness of function q. The fact that the functional G is weakly continuous, and its differential is locally Lipschitz continuous, comes from the Sobolev embedding theorem of the space
2 into the space 
is linear and symmetric. The same embedding theorem implies that the operator A is also compact. Finally, the estimate (2.5) holds due to the above embedding theorem for p = 2 .
By the proposition (2.1) we obtain that l 0 is a bifurcation point of equation (3.2) if and only if there exists
3) for all  Î v H . Equivalently we obtain:
Assuming that the coefficients a ijkl and the boundary ∂Ω are sufficiently smooth, using the formula of integration by parts (Giusti, 1977) . 
